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Abstract. This paper deals with secure computation using a standard
deck of playing cards. Since the first protocol using playing cards was
devised by Niemi and Renvall in 1999, several secure computation proto-
cols have been proposed. In 2022, Haga et al. proposed a generic protocol
that securely computes three-input Boolean functions using six playing
cards. However, this did not cover all three-input Boolean functions, and
determining whether there exist six-card protocols for all such functions
remained an open problem. In this paper, we construct protocols us-
ing six playing cards for each three-input Boolean function for which a
protocol has not yet been built, thereby resolving this open problem.
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1 Introduction

The method of realizing secure computation and other cryptographic tasks using
a physical deck of cards is referred to as card-based cryptography [6,17]. In many
existing card-based protocols, a special deck of cards, called a “two-color deck,”
is used, in which their front sides are ♡ and ♣ , and their back sides ? are
indistinguishable. On the other hand, there are also several existing studies using
commercially available playing cards (like 2♣ 6♢ 4♠ ), and this paper deals with
secure computation protocols using such a standard deck of playing cards.

1.1 Protocols Using Playing Cards

Secure computation protocols using commercially available playing cards were
first proposed by Niemi and Renvall [20] in 1999. Since there are 52 unique

⋆ This paper appears in Proceedings of COCOON 2026. This version of the con-
tribution has been accepted for publication, after peer review but is not the
Version of Record and does not reflect post-acceptance improvements, or any
corrections. The Version of Record is available online at: https://doi.org/10.

1007/978-981-92-3309-0_29. Use of this Accepted Version is subject to the pub-
lisher’s Accepted Manuscript terms of use: https://www.springernature.com/gp/
open-research/policies/accepted-manuscript-terms.

https://orcid.org/0000-0002-8698-1043
https://doi.org/10.1007/978-981-92-3309-0_29
https://doi.org/10.1007/978-981-92-3309-0_29
https://www.springernature.com/gp/open-research/policies/accepted-manuscript-terms
https://www.springernature.com/gp/open-research/policies/accepted-manuscript-terms


2 M. Kabutomori and T. Mizuki

playing cards (excluding jokers), determined by the combination of a rank (from
1 to 13) and a suit (♣,♠,♡,♢), a deck of playing cards can be mapped to

integers from 1 to 52, so that we have 52 numbered cards 1 2 3 · · · whose

backs ? are all identical. Niemi and Renvall encoded a one-bit value using a

pair of cards i and j with 1 ≤ i < j ≤ 52 as follows:

i j = 0, j i = 1.

That is, if the card on the left is smaller, it represents 0; if the card on the left
is larger, it represents 1. When a bit x ∈ {0, 1} is represented with i and j

placed face down, these two cards are called a commitment to x and are written
as:

? ?︸ ︷︷ ︸
[x]{i,j}

,

where the set {i, j} is called the base of the commitment, and this notation is
sometimes omitted.

Secure computation protocols are usually constructed using commitments
defined above as input. For example, a secure computation of the NOT operation
can be realized easily: given a commitment to x, swapping the left and right cards
of the commitment yields a commitment to x:

? ?︸ ︷︷ ︸
[x]{i,j}

→ ? ⇌ ? → ? ?︸ ︷︷ ︸
[x]{i,j}

.

1.2 Previous Research and Open Problem

The aforementioned Niemi and Renvall [20] specifically proposed an AND pro-
tocol:

? ?︸ ︷︷ ︸
[a]{1,2}

? ?︸ ︷︷ ︸
[b]{3,4}

5 → · · · → ? ?︸ ︷︷ ︸
[a∧b]

.

That is, given two commitments to a, b ∈ {0, 1}, it produces a commitment3 to
a∧ b. This protocol uses 5 cards and 7.5 shuffles (expected value), the outline of
which will be presented in Section 2.4. Niemi and Renvall also constructed XOR
and copy protocols4.

Following this research, several protocols have been devised. The progress
regarding AND and XOR protocols is shown in Table 1. As can be seen from
this table, protocols using four cards exist for both AND and XOR. Since the

3 Such a protocol that produces a commitment as output (without leaking any infor-
mation) is called a committed-format protocol; this paper only considers committed-
format protocols.

4 This implies that any Boolean function can be securely computed (provided that
sufficient numbers of cards and shuffles are available) because we can construct a
protocol for it by combining the AND, XOR, and copy protocols based on its circuit.
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Table 1. Existing protocols for two-input Boolean functions (where #Cards and
#Shuffles mean the numbers of required cards and shuffles, respectively).

Function #Cards #Shuffles Authors

AND 5 7.5 (exp.) Niemi & Renvall [20]
8 4 Mizuki [15]
4 6 (exp.) Koch et al. [7]

XOR 4 7 (exp.) Niemi & Renvall [20]
4 1 Mizuki [15]
4 1 Koyama et al. [10]

Table 2. Existing protocols for three-input Boolean functions (#Cards and #Shuffles
mean the numbers of required cards and shuffles, respectively). For details on the “140
functions,” see Section 3.1.

Function #Cards #Shuffles Authors

3-AND 6 8.5 (exp.) Koyama et al. [9]

140 functions 6 8.5 (exp.) Haga et al. [2]

two-bit input is given as two commitments, four cards are necessary, making
these protocols optimal in terms of the number of cards. Furthermore, protocols
for all other two-input Boolean functions besides AND and XOR can also be
constructed with four cards by modifying the AND or XOR protocol (along with
the NOT computation). Thus, the problem of finding card-minimal protocols for
all two-input Boolean functions was already resolved.

Next, we look at three-input Boolean functions f : {0, 1}3 → {0, 1}. How
about the card-minimality problem for three inputs? We want to construct a
protocol using only three input commitments to a, b, c ∈ {0, 1}, i.e., only six
cards:

? ?︸ ︷︷ ︸
[a]{1,2}

? ?︸ ︷︷ ︸
[b]{3,4}

? ?︸ ︷︷ ︸
[c]{5,6}

→ · · · → ? ?︸ ︷︷ ︸
[f(a,b,c)]

.

In 2021, Koyama et al. [9] constructed a three-input AND protocol (with six
cards) with an expected number of 8.5 shuffles. Subsequently, by extending this
protocol, Haga et al. [2] constructed six-card protocols for 140 out of 256 three-
input Boolean functions. These are listed in Table 2. Thus, the previous studies
did not fully cover three-input Boolean functions.

Therefore, whether six-card protocols can be constructed for the remaining
116 three-input Boolean functions is considered an open problem, and we tackle
this problem.
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1.3 Our Contribution

The main contribution of this paper is to show that six-card protocols can be
constructed for all 116 of the three-input Boolean functions previously unad-
dressed, thereby completely resolving this open problem.

Since dealing with all 256 three-input Boolean functions individually is te-
dious, we consider NPN equivalence classes. In NPN equivalence classes, func-
tions that can be transformed into each other by negation of input variables
(Negation), permutation of input variable order (Permutation), and negation of
the output result (Negation) are considered to be in the same equivalence class.
In card-based protocols, the NOT operation and variable swapping are trivial,
so if a secure computation protocol exists for a certain function, a protocol also
exists for all functions in the same NPN equivalence class (with the same num-
bers of cards and shuffles). Therefore, for each equivalence class, we only need
to construct a protocol for a single representative function.

It is known that there are a total of 14 NPN equivalence classes for three-
input Boolean functions [23]. We list the representative functions5 for the 10
equivalence classes excluding the trivial ones (i.e., 0, a, a ∧ b, and a⊕ b):

And3(a, b, c) = a ∧ b ∧ c

XorAnd(a, b, c) = a ∧ (b⊕ c)

OrAnd(a, b, c) = a ∧ (b ∨ c)

Onehot(a, b, c) = (a ∧ b ∧ c)⊕ (a ∧ b ∧ c)⊕ (a ∧ b ∧ c)

Majority(a, b, c) = (a ∧ b) ∨ (b ∧ c) ∨ (a ∧ c)

Equality(a, b, c) = (a ∧ b ∧ c)⊕ (a ∧ b ∧ c)

Dot(a, b, c) = a⊕ (c ∨ (a ∧ b))

Mux(a, b, c) = (a ∧ b) ∨ (a ∧ c)

AndXor(a, b, c) = a⊕ (b ∧ c)

Xor3(a, b, c) = a⊕ b⊕ c .

Among these 10 representatives, the ones that cannot be handled by the
method of Haga et al. [2] are three: Onehot, Dot, and Xor3. Since Xor3 can be
realized by repeating existing two-input XOR protocols [15, 20] twice, the truly
unresolved ones are Onehot and Dot. For these, we construct six-card protocols in
this paper, whose number of shuffles is 10.5 (expected value). Table 3 summarizes
the previous research and the results of this paper. Thus, this paper proves that
there always exists a six-card protocol for every three-input Boolean function,
successfully closing the open problem.

1.4 Related Work

Closely related to the setting of this paper, partial opening actions on play-
ing cards were devised in [14], followed by [4, 5]; efficient protocols have been

5 The names of the functions are partially based on literature [12].
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Table 3. Number of shuffles for six-card three-input Boolean function protocols

And3 XorAnd OrAnd Onehot Majority Equality Dot Mux AndXor Xor3

Koyama et al. [9] 8.5 — — — — — — — — —
Haga et al. [2] 8.5 8.5 8.5 — 8.5 8.5 — 8.5 8.5 —
Reducing to 2-input — 7 — — — — — — 7 2
This paper — — — 10.5 — — 10.5 — — —

designed. If private operations are allowed, efficient protocols can be obtained
[11,19].

Aside from secure computations, Ruangwises [22] developed zero-knowledge
proof protocols for Sudoku using playing cards. Such zero-knowledge proof pro-
tocols for puzzles have been constructed with the help of a two-color deck,
e.g., [1, 3, 21].

1.5 Organization of This Paper

The remainder of this paper is organized as follows. In Section 2, we describe
the computational model of card-based protocols, and introduce some kinds of
shuffles and previous methods. In Section 3, we classify the protocols of Haga
et al. [2] into NPN equivalence classes. In Section 4, we present our protocols to
resolve the open problem. Finally, Section 5 provides a conclusion.

2 Preliminaries

In this section, we briefly introduce the computational model of card-based pro-
tocols, two kinds of shuffles, and existing methods.

2.1 Computational Model of Card-Based Protocols

Card-based protocols are formally defined via abstract machines [16]. In the
computational model, a protocol applies a series of three actions, turn, perm,
and shuf, to a sequence of cards. We briefly explain these three actions below.

Permute. Apply a certain permutation π ∈ Sℓ to a sequence of cards. Here,
Sℓ represents the symmetric group of degree ℓ, and this action is written as
(perm, π):

1

?
2

? · · ·
ℓ

?
(perm,π)−−−−−→

π−1(1)

?
π−1(2)

? · · ·
π−1(ℓ)

? .

Turn. Turn over the t-th card from the left of a sequence. This action is written
as (turn, {t}):

1

?
2

? · · ·
t

? · · ·
ℓ

?
(turn,{t})−−−−−−→

1

?
2

? · · ·
t

3 · · ·
ℓ

? .
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Shuffle. For a sequence of cards, apply a permutation π ∈ Π chosen uniformly
at random from a certain set of permutations Π ⊆ Sℓ. This action is written
as (shuf,Π):

1

?
2

? · · ·
ℓ

?
(shuf,Π)−−−−−→

π−1(1)

?
π−1(2)

? · · ·
π−1(ℓ)

? .

We here assume that nobody knows which permutation was applied among
the permutations included in Π.

2.2 Random Cut

A random cut is a shuffle that cyclically shifts a sequence of cards. When a
random cut is applied to a sequence of ℓ cards, it becomes one of the ℓ possible
sequences, each with a probability of 1/ℓ, written as follows:

〈 1

?
2

? · · ·
ℓ−1

?
ℓ

?
〉

→



1

?
2

? · · ·
ℓ−1

?
ℓ

?
2

?
3

? · · ·
ℓ

?
1

?
...

ℓ−1

?
ℓ

? · · ·
ℓ−3

?
ℓ−2

?
ℓ

?
1

? · · ·
ℓ−2

?
ℓ−1

?

.

Formally, it can be written as (shuf, {(1 2 . . . ℓ)i | 1 ≤ i ≤ ℓ}), where (1 2 . . . ℓ)
represents a cyclic permutation.

2.3 Finding a Specific Card by Random Cut

Here, we show the procedure for finding a card with a specific number from a
sequence of face-down cards using the random cut [20].

Suppose that there are four face-down cards

? ? ? ?

known to be composed of 1 2 3 4 (whose order is secret), and we want to

identify 1 . Then, it suffices to repeatedly apply a random cut and turn over

the first card until the revealed card becomes 1 :

? ? ? ? →
〈
? ? ? ?

〉
→ 2 ? ? ? →

〈
? ? ? ?

〉
→ 1 ? ? ? .

By virtue of the randomization provided by the random cut, no information other
than the fact that the first card is 1 leaks. The expected number of shuffles
(i.e., random cuts) required is four.

When applying this method to identify one of k cards from a sequence of ℓ
cards, the expected number of shuffles is ℓ/k. As seen in the next subsection,
this method plays an important role in the Niemi–Renvall AND protocol [20].
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2.4 Niemi–Renvall AND Protocol

As mentioned in Section 1.2, the Niemi–Renvall AND protocol takes

? ?︸ ︷︷ ︸
[a]{1,2}

? ?︸ ︷︷ ︸
[b]{3,4}

5

as input. Let us swap the second and third cards; then, the five-card sequence
changes as follows:

(a, b) Sequence

(0, 0) 1 2 3 4 5

(0, 1) 1 2 4 3 5

(1, 0) 2 1 3 4 5

(1, 1) 2 1 4 3 5

→

(a, b) Sequence

(0, 0) 1 3 2 4 5

(0, 1) 1 4 2 3 5

(1, 0) 2 3 1 4 5

(1, 1) 2 4 1 3 5

.

Using the method explained in Section 2.3, find 2 and 3 by an expected
number of (2.5 + 4) random cuts, and remove them; then, we have a three-card

sequence ? ? ? satisfying:

(a, b) Sequence

(0, 0) 1 4 5 or 5 1 4 or 4 5 1

(0, 1) 1 4 5 or 5 1 4 or 4 5 1

(1, 0) 1 4 5 or 5 1 4 or 4 5 1

(1, 1) 1 5 4 or 5 4 1 or 4 1 5

.

After applying a random cut, reveal the first card; then, we obtain:

1 ? ?︸ ︷︷ ︸
[a∧b]{4,5}

or 5 ? ?︸ ︷︷ ︸
[a∧b]{1,4}

or 4 ? ?︸ ︷︷ ︸
[a∧b]{1,5}

,

as desired (remember that the NOT operation is trivial).
This is the Niemi–Renvall AND protocol [20], enhanced by Koch, Schrempp,

and Kirsten [7].

2.5 Random Bisection Cut

A random bisection cut [18] is a shuffle that transforms a sequence of 2ℓ cards
into one of the following two states with a probability of 1/2:

[ 1

? · · ·
ℓ

?
∣∣∣ ℓ+1

? · · ·
2ℓ

?
]

→


1

? · · ·
ℓ

?
ℓ+1

? · · ·
2ℓ

?
ℓ+1

? · · ·
2ℓ

?
1

? · · ·
ℓ

?

.

Formally, it can be written as (shuf, {id, (1 ℓ+ 1)(2 ℓ+ 2) ... (ℓ 2ℓ)}), where id
is the identity permutation.



8 M. Kabutomori and T. Mizuki

3 Analyzing Haga et al’s Protocols by NPN Equivalence
Classes

In this section, for a total of 256 three-input Boolean functions, we identify the
functions already solved by existing research by Haga et al. [2], based on the
NPN equivalence classes.

Table 4. Haga et al.’s results and NPN equivalence class classification

h
g 0 a ∧ b a ∧ b a a ∧ b b a⊕ b a ∨ b a ∨ b a⊕ b b a ∨ b a a ∨ b a ∧ b 1

0 #1 #2 #2 #3 #2 #3 #4 #5 #2 #4 #3 #5 #3 #5 #5 #6
a ∧ b #2 #3 #4 #5 #4 #5 #10 #8 #9 #7 #10 #11 #10 #11 #12 #5

a ∧ b #2 #4 #3 #5 #9 #10 #7 #11 #4 #10 #5 #8 #10 #12 #11 #5
a #3 #5 #5 #6 #10 #11 #12 #5 #10 #12 #11 #5 #13 #10 #10 #3

a ∧ b #2 #4 #9 #10 #3 #5 #7 #11 #4 #10 #10 #12 #5 #8 #11 #5
b #3 #5 #10 #11 #5 #6 #12 #5 #10 #12 #13 #10 #11 #5 #10 #3

a⊕ b #4 #10 #7 #12 #7 #12 #13 #7 #10 #14 #12 #10 #12 #10 #7 #4
a ∨ b #5 #8 #11 #5 #11 #5 #7 #3 #12 #10 #10 #4 #10 #4 #9 #2

a ∨ b #2 #9 #4 #10 #4 #10 #10 #12 #3 #7 #5 #11 #5 #11 #8 #5

a⊕ b #4 #7 #10 #12 #10 #12 #14 #10 #7 #13 #12 #7 #12 #7 #10 #4

b #3 #10 #5 #11 #10 #13 #12 #10 #5 #12 #6 #5 #11 #10 #5 #3

a ∨ b #5 #11 #8 #5 #12 #10 #10 #4 #11 #7 #5 #3 #10 #9 #4 #2
a #3 #10 #10 #13 #5 #11 #12 #10 #5 #12 #11 #10 #6 #5 #5 #3

a ∨ b #5 #11 #12 #10 #8 #5 #10 #4 #11 #7 #10 #9 #5 #3 #4 #2

a ∧ b #5 #12 #11 #10 #11 #10 #7 #9 #8 #10 #5 #4 #5 #4 #3 #2
1 #6 #5 #5 #3 #5 #3 #4 #2 #5 #4 #3 #2 #3 #2 #2 #1

3.1 Existing Protocols by Haga et al.

Haga et al. [2] considered three-input Boolean functions as follows:

f(a, b, c) =

{
g(a, b) if c = 1

h(a, b) if c = 0
.

That is, they represented a three-input Boolean function f using two two-input
Boolean functions, g and h, and constructed protocols based on this decompo-
sition. In brief, the protocol privately rearranges the four cards of commitments
to a and b using a random bisection cut based on the value of commitment to c.
Then, similar to the Niemi–Renvall AND protocol explained in Section 2.4, the
protocol finds two specific cards from five cards through repeated random cuts,
applies a final random cut, and turns over the first card to obtain an output
commitment. The expected number of shuffles is 8.5.

This general-purpose protocol can securely compute the functions highlighted
in yellow in Table 4. In this table, a three-input Boolean function f is determined
by defining two two-input Boolean functions g and h.
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Table 5. Representative functions of equivalence classes

Class #1 #2 #3 #4 #5 #6 #7 #8 #9 #10 #11 #12 #13 #14

Rep. 0 And3 a ∧ b XorAnd OrAnd a Onehot Majority Equality Dot Mux AndXor a⊕ b Xor3

Consequently, among the 256 possible functions, six-card protocols have al-
ready been constructed for 140 functions. The 116 functions not highlighted in
yellow in Table 4 are those that remained unresolved in the existing research by
Haga et al. [2].

3.2 Analysis Based on NPN Equivalence Classes

In Table 4, we indicate which NPN equivalence class each of the 256 functions
belongs to using numbers from #1 to #14. These numbers represent the NPN
equivalence classes, defined as shown in Table 5.

Recall that Haga et al.’s generic protocol [2] works only for the functions
highlighted in yellow in Table 4. Therefore, we find that the NPN equivalence
classes not supported by Haga et al.’s generic protocol are #7, #10, and #14
(because these are the numbers not highlighted in yellow across all entries)6.

Among these three, #14 (namely, Xor3(a, b, c) = a ⊕ b ⊕ c) can be realized
by applying the existing two-input XOR protocol [15] twice. Thus, the truly
unresolved classes are #7 (Onehot) and #10 (Dot). In the next section, we
construct six-card protocols for these two functions.

Note that for #4 (XorAnd) and #12 (AndXor), protocols can be constructed
by combining the existing two-input XOR protocol [15] and two-input AND
protocol [7]. The total number of shuffles is 7 (expected value), as shown in
Table 3.

Furthermore, #1, #3, #6, and #13 are trivial even without using the pro-
tocol by Haga et al. [2]. This is because #1 (0) and #6 (a) are a constant and a
single-variable function, respectively, requiring no actions; #3 (a ∧ b) and #13
(a⊕ b) are essentially two-input functions, to which the existing two-input AND
protocol [7] or two-input XOR protocol [15] can be applied.

4 Proposed Protocols

Recall that the truly unresolved classes are #7 (Onehot) and #10 (Dot). Thus,
in this section, we construct a six-card protocol for each of the two functions
Onehot and Dot.

6 For example, the class #11 has both ‘highlighted’ and ‘non-highlighted’ functions,
and any non-highlighted function in the class can be computed with six cards by
transforming it into any ‘highlighted’ function in the class.
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4.1 Our Protocol for Onehot

In this subsection, we construct a protocol for Onehot. To this end, we exploit
the following decomposition:

Onehot(a, b, c) =

{
b⊕ c if a = 0

b ∨ c if a = 1
.

Given three commitments to a, b, c ∈ {0, 1}, our protocol proceeds as follows.

1. Place the three input commitments as:

? ?︸ ︷︷ ︸
[a]{1,2}

? ?︸ ︷︷ ︸
[b]{3,4}

? ?︸ ︷︷ ︸
[c]{5,6}

.

Then, the six cards (depending on (a, b, c)) are as follows:

(a, b, c) Sequence (a, b, c) Sequence

(0, 0, 0) 1 2 3 4 5 6 (1, 0, 0) 2 1 3 4 5 6

(0, 0, 1) 1 2 3 4 6 5 (1, 0, 1) 2 1 3 4 6 5

(0, 1, 0) 1 2 4 3 5 6 (1, 1, 0) 2 1 4 3 5 6

(0, 1, 1) 1 2 4 3 6 5 (1, 1, 1) 2 1 4 3 6 5

.

2. Through steps (a)–(d) below, we swap the third and sixth cards only when
a = 0 without revealing the value of a:
(a) Permute the sequence by (perm, (2 3)(4 5 6)):

1

?
2

?
3

?
4

?
5

?
6

? →
1

?
3

?
2

?
6

?
4

?
5

? .

(b) Apply a random bisection cut to the leftmost four cards:[
? ?

∣∣∣ ? ?
]
? ? → ? ? ? ? ? ? .

(c) Permute the sequence by (perm, (2 3)(4 6 5)):

1

?
2

?
3

?
4

?
5

?
6

? →
1

?
3

?
2

?
5

?
6

?
4

? .

Note that the first two cards are either 1 2 or 2 1 with equal proba-
bility.

(d) Turn over the first and second cards. If 1 2 appears, permute the se-
quence by (perm, (1 2)(3 6)):

1 2
3

?
4

?
5

?
6

? → 2 1
6

?
4

?
5

?
3

? .

Then, the six cards
2 1 ? ? ? ?
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satisfy:

(a, b, c) Sequence (a, b, c) Sequence

(0, 0, 0) 2 1 6 4 5 3 (1, 0, 0) 2 1 3 4 5 6

(0, 0, 1) 2 1 5 4 6 3 (1, 0, 1) 2 1 3 4 6 5

(0, 1, 0) 2 1 6 3 5 4 (1, 1, 0) 2 1 4 3 5 6

(0, 1, 1) 2 1 5 3 6 4 (1, 1, 1) 2 1 4 3 6 5

.

That is, when a = 1, the original arrangement of b and c remains un-
changed; in contrast, when a = 0, the first card of b and the second card
of c are swapped.

3. Using the method explained in Section 2.3, find 3 or 6 from the last four
cards by an expected number of two random cuts.
(a) If 3 is found, move 1 just before the sixth card:

2 1 3 ? ? ? → 2 3 ? ? 1 ? .

Then, we have:

(a, b, c) Sequence (a, b, c) Sequence

(0, 0, 0) 2 3 6 4 1 5 (1, 0, 0) 2 3 4 5 1 6

(0, 0, 1) 2 3 5 4 1 6 (1, 0, 1) 2 3 4 6 1 5

(0, 1, 0) 2 3 5 4 1 6 (1, 1, 0) 2 3 5 6 1 4

(0, 1, 1) 2 3 6 4 1 5 (1, 1, 1) 2 3 6 5 1 4

.

Observing the cyclic order of 3 and 6 starting from 1 reveals that it

matches the value of b⊕ c when a = 0, and that of b ∨ c when a = 1; so
if we remove 4 and 5 , we will obtain:

1 ? ?︸ ︷︷ ︸
[b⊕c]{3,6}

if a = 0

1 ? ?︸ ︷︷ ︸
[b∨c]{3,6}

if a = 1

 = 1 ? ?︸ ︷︷ ︸
[Onehot(a,b,c)]

.

(b) If 6 is found, move 1 just before the fifth card:

2 1 6 ? ? ? → 2 6 ? 1 ? ? .

Then, we have:

(a, b, c) Sequence (a, b, c) Sequence

(0, 0, 0) 2 6 4 1 5 3 (1, 0, 0) 2 6 3 1 4 5

(0, 0, 1) 2 6 3 1 5 4 (1, 0, 1) 2 6 5 1 3 4

(0, 1, 0) 2 6 3 1 5 4 (1, 1, 0) 2 6 4 1 3 5

(0, 1, 1) 2 6 4 1 5 3 (1, 1, 1) 2 6 5 1 4 3

.

Note that, similar to the case (a) above, removing 4 and 5 brings a
commitment to Onehot(a, b, c).
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4. Ignoring 2 , turn over the face-up cards:

? ? ? ? ? .

Find and remove 4 and 5 by using the method explained in Section 2.3;
the number of random cuts is 6.5 (expected value):

4 5 ? ? ? .

5. Apply a random cut to the face-down three cards:〈
? ? ?

〉
→ ? ? ? .

6. Turn over the first card to obtain a commitment to Onehot(a, b, c) (or its
negation) as follows:

? ? ?
(turn,{1})−−−−−−→



1 ? ?︸ ︷︷ ︸
[Onehot(a,b,c)]

3 ? ?︸ ︷︷ ︸
[Onehot(a,b,c)]

6 ? ?︸ ︷︷ ︸
[Onehot(a,b,c)]

.

This is our six-card protocol for Onehot. The expected number of shuffles is
10.5 in total.

Up to Step 2, our protocol follows the same procedure as Haga et al. [2]. The
key difference and novelty lie in the subsequent steps: while Haga et al.’s protocol
only identifies and removes two cards, our proposed protocol strategically re-
positions 1 after a single card is identified.

4.2 Our Protocol for Dot

Similar to our protocol for Onehot presented in the previous subsection, a pro-
tocol for Dot can be constructed using six cards, based on the following decom-
position:

Dot(a, b, c) =

{
a⊕ c if b = 0

a ∧ c if b = 1
.

Due to page limitations, we omit the details.

5 Conclusion

In this paper, we addressed the problems left unresolved in existing research by
Haga et al. [2] and showed that secure computation protocols can be constructed
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for all three-input Boolean functions using six playing cards. The required num-
ber of shuffles is summarized in Table 3. Reducing these shuffle counts remains
a subject for future work.

Our results imply that the card-minimality problem is resolved for all Boolean
functions with up to three inputs. Solving the card-minimality problem for n-
input Boolean functions with n ≥ 4 (in the playing-card setting) is also an
intriguing direction for future work. It should be noted that, as an upper bound,
2n+ 8 cards have been shown to be sufficient [25].

Recently, the application of card-based cryptography to games such as Old
Maid [24], President [13], and Tagiron [8] has attracted growing attention; de-
signing such protocols with only standard playing cards is a promising direction
for future study.
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